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crack propagation laws under impact loading for transparent materials. Dynamic brittle fracture exper-
iments are performed on polymethyl methacrylate (PMMA) in which several crack arrest phases occur.
Then, these experiments are numerically reproduced by using the eXtended Finite Element Method (X-
FEM) in order to validate the algorithms and the criteria assumed.
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The risks due to crack propagation under dynamic loading are
still difﬁcult to estimate. Unlike quasi-static cases, where the load-
ing and crack position can be easily established, in dynamic impact
cases, loading conditions, propagation parameter variations and
exact crack positions are difﬁcult to control. The determination
of relevant constitutive crack propagation laws from dynamic
crack propagation experiments is thus a challenging operation.
Consequently, the ﬁrst step for assessing dynamic crack propaga-
tion laws is the development of numerical simulation tools.
Since the 70s, a large effort has been put into the development
of numerical tools dedicated to the crack growth simulation, espe-
cially for the fatigue phenomenon. The main difﬁculty consists in
following the crack geometry over time. During the last years,
alternative methods based on the partition of unity (Babuska and
Melenk, 1997) allowed an implicit description of the evolving dis-
continuities. Thereby, the eXtended Finite Element Method (X-
FEM) seems specially adapted to the simulation of the dynamic
propagation under impact loading, since the crack paths are a priori
unknown. If the method had been initially developed in quasi-stat-
ics (Belytschko and Black, 1999; Moës et al., 1999), the advantages
of the X-FEM for the numerical simulation of dynamic fracturell rights reserved.
: +1 847 491 32 34.
. Grégoire).were discussed in many papers. It has been used to study the crack
propagation in 2D (Prabel, 2007; Menouillard, 2007), in 3D (Duarte
et al., 2001; Moës and Belytschko, 2002; Gravouil et al., 2002), with
contact (Dolbow et al., 2001) or with cohesive zones (Moës and
Belytschko, 2002). The numerical algorithms developed in this pa-
per are based on the previous works of Réthoré et al. (2004,
2005a,b), Grégoire et al. (2007) and Combescure et al. (2008).
If some numerical tools are now able to represent dynamic
crack growth, these numerical results have to be compared with
experimental results to ensure that the numerical laws introduced
are physically consistent.
Although many experiments have already been carried out,
obtaining experimental results in dynamic crack propagation cases
under impact loading is still difﬁcult. The accurate measurement of
the velocity of a crack under highly transient conditions is prob-
lematic. Strain gages (Owen et al., 1998; Maigre and Rittel, 1993;
Rittel and Maigre, 1996), thin metal layer evaporated onto one
specimen face (Fineberg et al., 1991; Stalder et al., 1983), common
electrical or optical techniques are traditionally used with con-
trasting results. Precious experimental results have already been
obtained and interesting phenomena have been highlighted, but
these results are not as precise as required to validate the new
models and the new numerical tools which are now developed.
In a previous work (Grégoire et al., 2007), crack tip position his-
tories have been determined by standard optical tools. The test rig
was a split Hopkinson pressure bar (SHPB) and the specimen
geometry was chosen in order to provide direct conversion
Fig. 2. Specimen geometry under pure mode I loading condition.
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vicinity of a machined notch. Since the material used (PMMA)
was transparent, four high-speed cameras, connected through a
delay line (time resolution: 1 ls), were used to provide pictures
of the propagating crack tip. During each test, each camera pro-
vides one picture. Hence, four pictures are obtained at four differ-
ent instants during each test. By checking that the results were
highly reproducible, ﬁve experimental tests were carried out by
modifying the shooting sequence through the delay line. All crack
tip positions were collected to obtain the crack tip position history.
Three different phases were observed: two propagation phases
separated by a crack arrest phase. These three phases occurred
during a highly transient phase and these conditions provided a
challenging test of the reliability of the numerical simulations.
Using an X-FEM, numerical simulations were performed and both
the crack path and the crack position histories ﬁtted the experi-
mental results.
This kind of comparison allowed the validation of a dynamic
crack growth criterion but only in a unique case of loading. The
next step in the dynamic crack propagation laws assessment
should be to show how the dynamic crack growth criterion de-
pends on the loading conditions. However, with standard optical
tools such as cameras, the previous process leads to a large number
of experiments for obtaining different crack tip position histories
corresponding to different loading rate. Moreover, the loading rate
inﬂuence on the transient propagation phases as arrest and restart
cannot be represented accurately if several experiments are
needed to obtain a crack tip position history. Therefore new exper-
imental methods are required to assess relevant constitutive crack
propagation laws from experiment.
This paper focuses on a methodology for assessing dynamic
crack propagation laws under impact loading for transparent
materials. Firstly, a new technique is presented for the accurate
crack tip position histories measurement during dynamic crack
propagation experiments under impact in transparent materials.
Secondly, these experiments are reproduced by using an X-FEM
numerical tool in order to validate the dynamic crack propagation
laws assumed.
2. Crack tip location using an optical displacement sensors
2.1. Description of the test rig and the specimen
The test rig is a SHPB test developed by Kolsky (1949) and pri-
marily used for the measurement of a material dynamic behavior.
It is schematized in Fig. 1. The test specimen is made of polymethyl
methacrylate (PMMA), a transparent brittle material. The mechan-
ical properties of nylon and PMMA are quite similar. Therefore, the
chosen bars are made of nylon in order to guarantee both a good
wave transmission on their interfaces with the specimen and an
elastic strain gage response. Details on the experimental setup
are presented in Grégoire et al. (2007).
There is no standard for dynamic fracture tests. Therefore a sim-
ple, but distinctive, geometry designed is chosen to obtain tran-
sient propagation phases as crack arrest and restart. The
specimen is shown in Fig. 1 and its dimensions are given in Fig. 2.Fig. 1. Characteristics of the splThe compressive waves must be converted into tensile waves,
in order to obtain fracture opening modes at the crack tip. There-
fore, a rectangular specimen with a circular hole is used to provide
the direct wave conversion without producing any friction at the
specimen–bars interfaces. In addition, crack arrest is provided by
a circular hole as suggested by Karimzada and Maigre (2000) and
studied by Grégoire et al. (2007). An initial notch is machined at
the border of the hole in order to initiate the crack. The initial
notch is not represented in Fig. 1 because several choices are pos-
sible. Fracture occurs in pure mode I when the initial notch is ma-
chined on the specimen symmetry axis. Fracture occurs in mixed-
mode when the initial notch is moving from the specimen symme-
try axis. In this study, the initial notch is machined on the speci-
men symmetry axis as shown in Fig. 2 (a fracture initiation in
mixed-mode is presented in Grégoire et al. (2007)). Fig. 3 presents
a typical microscopic view of the notch tip. Since the initial notch is
machined with a model saw, the notch tip has a rectangular shape.
2.2. Measurement
The use of SHPB is attractive in our case because it provides
both an accurate measurement of the applied loading and the glo-
bal response of the test specimen during the transient experiment,
thus enabling good control of the quality of the experimental tests.
Reliable experimental data are necessary to ensure that the simu-
lations are physically meaningful. This is one of the keys to success
in comparing numerical simulations with experiments.
Fig. 4 shows a sketch of the test rig. One can identify:
 the striker bar, input bar and output bar and the specimen
between the bars;
 two strain gages connected to their ampliﬁers;
 one optical displacement sensor (Zimmer);
 one standard light;
 one data acquisition adapter (four channels, 1 MHz);
 one optical sensor connected to an oscilloscope;
 two computers.
Since PMMA is transparent, an optical displacement sensor is
used. A Zimmer extensometer converts the movement of a black
and white target into an analog signal (±5 V) proportional to theit Hopkinson pressure bar.
0.5 mm
Fig. 3. Microscopic view of the notch tip (test 1 – striker velocity: 9.5 m/s).
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surement range is determined by the adaptive lens. The ZimmerT
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Fig. 6. Zimmer used for dynextensometer was primarily used to measure the macroscopic dis-
placements of a body by sticking on it a black and white target
(Fig. 5).
Since the light reﬂects on the crack path and transmits through
the uncracked part of the specimen (Fig. 6), an analogical signal
proportional to the crack tip position is obtained. The resolution,
the working distance, the uncertainty and the width of the mea-
sure as well as the maximum tracking velocity depend on the mea-
surement range linked to the choice of lens. The characteristics of
the optical displacement sensor are collected in Table 1.
The loading is adjusted via several experiment parameters: the
velocity, the length and the shape of the striker bar enabled to con-
trol the amplitude, the duration and the shape of the loading. Two
different experiments are performed with the specimen geometry
corresponding to pure mode I initiation. The experimental condi-ight
Specimen
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ure macroscopic displacements.
Pure Mode 1
(Before the test)
Initial notch (the specimen is tilted)
amic crack tip location.
Table 2
Experimental conditions.
Experiment Initiation Striker length (m) Striker velocity (m/s)
Test 1 Mode I 1.004 9.5
Test 2 Mode I 1.004 7.4
Uncertainty: 0.08 m/s.
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Table 1
Characteristics of the optical displacement sensors.
Measurement range 20 mm
Working distance 41.1 mm
Measurement width 1 mm
Resolution 0.002 mm
Uncertainty ±0.04 mm
Maximum tracking velocity 1670 m/s
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an optical sensor linked to an oscilloscope (Fig 4).
To limit wave superposition, the gages are generally located at
the middle of the bars (Fig. 1). Consequently, the waves have to
be shifted to the specimen–bar interfaces to obtain forces and
velocities at the specimen faces. Waves dispersion and attenua-
tion due to the viscous behavior of nylon and geometry effects
are taken into account in the shifting as in Zhao and Gary
(1995) in order to obtain more accurate measurements. The
same process is performed for each experimental test. For in-
stance, raw data corresponding to the test 1 are shown in
Fig. 7 and the corresponding input and output velocities at the
specimen–bar interfaces are shown in Fig. 8. The time when
compressive waves reach the left-hand face of the specimen is
chosen as the reference time. 500  1000  1500  2000
 (µs)
Transmitted
Signal
Reflected
Signal
st 1 – striker velocity: 9.5 m/s).
 300  400  500
e (µs)
Experimental input velocity
xperimental ouput velocity
aces (test 1 – striker velocity: 9.5 m/s).
Fig. 9. Postmortem view of the crack path (test 1 – striker velocity: 9.5 m/s).
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This section presents the experimental results obtained with
the specimen geometry under pure mode I loading (see Fig. 2).
Two experiments have been performed with different impact
velocities (test 1 and test 2 in Table 2).
During these experiments, a Zimmer extensometer (see Table 1)
has been used to obtain the crack tip position history. Since the
measurement range is 20 mm, the entire crack propagation history
cannot be obtained. The time when the optical displacement sen-
sor starts producing a signal is chosen as the reference time. Fur-
thermore, the X-coordinate reference corresponds to the left-
hand face of the specimen (after the initiation, the crack grows
from x = 75 mm).
The extensometer measured the absolute displacement of the
crack tip, including the solid body motion of the specimen. There-
fore, the crack growth is obtained by subtracting the second to the
former. The solid body motion of the specimen is measured from
the Zimmer extensometer signal during the crack arrest phase
and it is assumed to be constant during all the crack propagation.
Hence this value is used in the subtraction process. Moreover,
the extensometer signal is shifted in order to adjust the crack ar-
rest with the position measured on the crack path postmortem
view.
2.3.1. Test 1 (striker velocity: 9.5 m/s)
The raw data corresponding to the test 1 are shown in Fig. 7 and
the corresponding input and output velocities at the specimen–bar
interfaces are shown in Fig. 8. The time when compressive waves 75
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Fig. 10. Crack tip position history (tereach the left-hand face of the specimen is chosen as the reference
time. Fig. 3 presents a microscopic view of the notch tip before the
dynamic fracture test (notch tip radius 0.22 mm) and Fig. 9
shows a postmortem picture of the specimen for the test 1.
Fig. 10 shows the propagating crack tip position history for the
test 1 and three different propagation phases are observed:
 Firstly, the crack grows at constant velocity (V  170 m/s).
 Secondly, the crack stops during approximately 65 ls.
 Finally, the crack restarts at constant velocity (V  180 m/s).
A large jump in the crack propagation velocity during the arrest
and the restart of the crack is noticed in Fig. 10. Indeed, the crack
propagation velocity decreases suddenly from V  170 m/s to
V = 0 m/s during the crack arrest phase. In the same way, the crack
speeds up suddenly from V = 0 m/s to V  180 m/s during the re-
start phase. Thereby, this method based on optical displacement
sensor measurement provides an accurate crack tip location, even
during the highly transient propagation phases such as arrest and
restart. Therefore, it is now possible to study the inﬂuence of the
loading rate on these transient propagation phases.2.3.2. Test 2 (striker velocity: 7.4 m/s)
Since the initiation strongly depends on the initial notch shape,
the experimental test 2 was performed in two stages. First, a short
crack propagation (3.5 mm) is obtained by impacting the specimen
at a low velocity. The specimen is then submitted to a second
stronger impact. The notch tip shape after the ﬁrst arrest is there-
fore similar to the crack tip shape during the transient propagation.
Fig. 11 presents a microscopic view of the notch tip after the ﬁrst
arrest and before the second stronger impact (notch tip radius
1 lm). This technique can be linked to the fatigue crack growth
initiation for metallic materials. The input and output velocities
at the specimen–bar interfaces are shown in Fig. 12, and Fig. 13
shows a postmortem picture of the specimen for the test 2.
Fig. 14 shows the propagating crack tip position history for the
test 2 where the striker velocity was lower than the striker velocity
of the test 1. Four crack arrests are now observed. After the initia-
tion, the cracks grows during 54 ls at a constant velocity of
(V  150 m/s) and then stops during 103 ls. Afterwards, there
are three short propagating phases separated by crack arrests be-
fore the ﬁnal arrest. Strong jumps in the crack propagation velocity
are still noticed in Fig. 14, in spite of the presence of several crack 100  150  200
e (µs)
Zimmer
st 1 – striker velocity: 9.5 m/s).
Fig. 11. Microscopic view of the notch tip (test 2 – striker velocity: 7.4 m/s).
Fig. 13. Postmortem view of the crack path (test 2 – striker velocity: 7.4 m/s).
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stick-slip phenomenon. The crack never slows down but only stops
or propagates. Therefore, a minimum crack tip velocity seems
needed when the crack propagates. Below this threshold, the crack
just does not propagate. It is a unique phenomenon due to the dy-
namic crack propagation, really different from the phenomenon
noticed during stable steady-state propagation where the crack
tip velocity can be adjusted through the loading rate.
This kind of experiment provides a challenging test of the reli-
ability of the dynamic crack propagation numerical tools as well
as a mean for assessing new constitutive crack propagation laws.
It is certain that this kind of result cannot be obtained with stan-
dard optical tools such as cameras where several experiments are
needed to collect the crack tip position history. The crack behavior
during the high transient propagation phases such as crack arrest
and crack restart can be studied accurately only if the whole crack
tip position history is obtained during a single test. It is the main
advantage of the proposed method based on optical displacement
sensor measurement. Finally, one may conclude that a new exper-
imental technique has been developed to determine very accurate
dynamic crack tip location under impact loading in transparent
materials.
3. Numerical simulations
3.1. Spacial discretization
The X-FEM is chosen for the simulations because the cracks are
not described explicitly by the mesh. Furthermore, the implicit
description of a crack geometry is compatible with any crack path,
even if this path is a priori unknown.
In order to capture the discontinuity and singularity of the
strain ﬁeld at the crack tip, we use an enrichment to the classical 0
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Fig. 12. Velocities at the specimen–bar interﬁnite element approximation deﬁned through the partition of
unity method developed by Babuska and Melenk (1997). This
method was ﬁrst developed for quasi-static analysis in Belytschko
and Black (1999) and Moës et al. (1999). Here, the method is used
for dynamic crack propagation as in Grégoire et al. (2007) in the
light of Réthoré et al. (2005b). More details can be found in these
papers.
The crack is represented by a set of straight segments. For the
description of the crack to be independent of the mesh, discontin-
uous enrichments are added to the set of the nodes which have
their support entirely cut by the crack, while the set of the nodes
which contain the crack tip in their support is enriched by a singu-
lar set of functions. When the crack propagates this set is modiﬁed
as follows: all ancient enrichments are kept. New enrichments cor-
responding to the new position of the crack are simply added to
the old set.
The approximation of the displacement ﬁelds is then written as:eUðtÞ ¼X
i2N
NiðxÞuiðtÞ þ
X
i2NecutðtÞ
NiðxÞHðxÞaei ðtÞ þ
X
i2NetipðtÞ

X
j2s1;4t
NiðxÞBej beijðtÞ ð1Þ
where, at time t, NecutðtÞ is the set of the nodes which have had their
support entirely cut by the crack, aei ðtÞ are the nodal degrees of free-
dom corresponding to the step function H, NetipðtÞ is the set of the
nodes which have contained the crack tip in their support, beijðtÞ
are the nodal degrees of freedom corresponding to the functions
Bej which span the near-tip asymptotic ﬁelds.
According to Moës et al. (1999): 300  400  500
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Fig. 14. Crack tip position history (test 2 – striker velocity: 7.4 m/s).
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h
2
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p
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2
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 
ð3Þ
where ðr; hÞ are the local polar coordinates of the crack tip.
3.2. Temporal discretization and boundary conditions
The displacements, velocities and accelerations are discretized
through Eq. (1) and the mass and stiffness matrices are calculated
using ad hoc integration techniques for X-FEM elements (Moës
et al., 1999). The discrete equation at time tn is:
Mn €Un þ KnUn ¼ Fn ð4Þ
where Mn and Kn are the mass and stiffness matrices at time
tn and Fn is the vector of external forces at time tn.
It was proved by Réthoré et al. (2005b) that if all singular
enrichments are kept and the new enrichments are initialized to
zero, using a Newmark scheme, stability and exact conservation
of the discretized energy are guaranteed. The proof of the discret-
ized energy conservation can be found in Combescure et al. (2008).
The discretized dynamic equations (4) and (7) are chosen such that
they can be integrated numerically using Newmark’s implicit mean
acceleration scheme (see Eq. (8)).
The numerical simulations are carried out using the input veloc-
ity collected from the experiments (Fig. 8) as a boundary condition
at the input bar interface and an impedance condition is used to
model the contact between the output bar and the specimen (this
choice is discussed in Grégoire et al. (2007)). At each interface node
of the output bar interface, the stress and velocity are assumed to
be related by:
r  n ¼ z ðv  nÞn on oXInt
z ¼ qbar cbarL

ð5Þ
where r and v are the stress and velocity on the specimen face, z is
the impedance, oXInt the interface and n a normal vector,
qbar and cbarL are the density and the velocity of 1D elastic waves
in the bar.Then, the impedance matrix is calculated by integrating condi-
tion (5) at the interface:
Zð Þij ¼
Z
oXInt
z ððNi:nÞnÞ  Nj dl ð6Þ
where Z is the impedance matrix, Ni and Nj are the shape functions
of the displacement ﬁeld (Eq. (1)).
Hence, the discrete form of Eq. (4) becomes:
Mn €Un þ KnUn ¼ Fn  Zn _Un ð7Þ
where Mn; Kn and Zn are the mass, stiffness and impedance matri-
ces at time tn and Fn is the vector of external forces at time tn.
In the framework of the implicit mean acceleration scheme
(Newmark, 1959), the use of Taylor series leads to an one time step
displacement scheme (Eq. (8)).
Knowing fUn; _Un; €Un; Fnþ1g, ﬁnd fUnþ1; _Unþ1; €Unþ1g such as:
M
bDt2
þ K þ cZ
bDt
 
Unþ1 ¼ Fnþ1 þ M
bDt2
þ cZ
bDt
 
Upn  Z _Upn

_Unþ1 ¼ _Upn þ cbDt ðUnþ1  UpnÞ
€Unþ1 ¼ 1bDt2 ðUnþ1  U
p
nÞ
8<: with
 U
p
n ¼ Un þ Dt _Un þ 12 b
 
Dt2 €Un
_Upn ¼ _Un þ ð1 cÞDt€Un
(
ð8Þ3.3. Crack propagation laws
The crack propagation laws are chosen according to the global
macroscopic concept of stress intensity factor (Irwin, 1957) ex-
tended to elastodynamics within the framework of Bui (1978)
and Freund (1990). Indeed, the stress intensity factors in modes I
and II are chosen to describe the fracture since the PMMA has a
brittle fracture behavior under dynamic loading. In the vicinity of
the crack tip, the dynamic stress intensity factors in mode I and
mode II are given (see Freund (1990) for details) by:
KdynI ¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
r22ðh ¼ 0Þ and KdynII ¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
r12ðh
¼ 0Þ ð9Þ
where ðr; hÞ are the local coordinates of the crack tip, ðKdynI ;KdynII Þ are
the dynamic stress intensity factors in modes I and II.
Fig. 15. Dynamic crack growth toughness evolution. Tests performed on (4340
steels) (Rosakis and Freund, 1982) (reproduced from Kanninen and Popelar (1985)).
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functions is not accurate, a domain-independent integral is used
to calculate the dynamic stress intensity factors ðKdynI ;KdynII Þ as
developed by Réthoré et al. (2005b). In a dynamic brittle fracture
framework, the fracture is assumed to be locally due to the tensile
stresses and the fracture phenomenon is assumed to be governed
by the intensity of the hoop stress near the crack tip (criterion
developed by Erdogan and Sih (1963) and extended in dynamics
by Maigre and Rittel (1993)). Therefore, the intensity of the loading
near the crack tip K and the preferential propagation direction h
are calculating using Eqs. (10) and (11) (see Grégoire et al. (2007)
for details). The notation are chosen in agreement with Kanninen
and Popelar (1985) and Ravi-Chandar (2004)
h ¼ 2arctan 1
4
KdynI
KdynII
 sign KdynII
	 
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8þ K
dyn
I
KdynII
 !2vuut264
375
0B@
1CA ð10Þ
K ¼ cos3 h

2
KdynI
  3
2
cos
h
2
sin hKdynII ð11Þ
where jKdynI j, the positive part of KdynI , avoids any closure effect.
No propagation initiates as long as the maximum hoop stress
intensity factor remains less than a critical value, the dynamic
crack initiation toughness, K1d. As soon as this threshold is reached,
the direction of the maximum hoop stress deﬁnes the critical direc-
tion hc of the incipient propagation (Maigre and Rittel, 1993). The
crack initiation criterion is:
K < K1d ðno initiationÞ
K ¼ K1d; h ¼ hc ðinitiationÞ
ð12Þ
The dynamic crack initiation toughness is a material property which
must be evaluated from experiments and which generally depends
on the temperature and the loading rate K1dð _r; TÞ.
Following crack initiation, different criteria must be determined
in order to take the crack growth process into account. During the
dynamic growth of a crack, the instantaneous maximum hoop
stress intensity factor stays equal to the dynamic crack growth
toughness K1Dð _a; TÞ, which depends on the crack tip velocity _a
and the temperature. Then, the crack grows as long as K stays
above another material property, the dynamic crack arrest tough-
ness, which also depends on the temperature and the loading rate
K1að _r; TÞ.
Kðt; _aÞP K1a ) Kðt; _aÞ ¼ K1Dð _aÞ ðpropagationÞ
K < K1a ðarrestÞ
ð13Þ
In that framework, the dynamic crack propagation modeling is
summing up to the choice of the dynamic crack growth toughness
evolution K1Dð _a; TÞ. In practice, this expression is inverted in order
to compute the crack growth velocity _a at each time step. Since
no analytical expression of K1Dð _a; TÞ can be obtained, a large effort
has been put in the past to characterize experimentally this param-
eter. According to the experimental works of Kanninen (1974), Kalt-
hoff and Shockey (1977), Kobayashi et al. (1980), Rosakis (1980),
Rosakis and Freund (1982) and Kalthoff (1983), three conditions
are required to obtain a physically meaningful law: (i) K1D increases
with the crack growth velocity _a; (ii) a critical crack growth velocity
exists; and (iii) lim _a!0K1Dð _aÞ–K1d–K1a.
From these three conditions, many expressions of the dynamic
crack growth toughness evolution have already been proposed.
For instance, Kanninen and Popelar (1985) proposed the law
(Eq. (14)) and adjusted it on dynamic fracture tests performed
by Rosakis and Freund (1982) on DCB 4340 steel specimens (see
Fig. 15).K1Dð _aÞ ¼ KIA
1 _aVl
	 
m ð14Þ
where KIA; Vl and m are material properties which must be evalu-
ated from experiments.
For the numerical simulations of the experimental tests pre-
sented in part (2), the dynamic crack growth toughness is assumed
given by (15) corresponding to the simpler form of (14) (m = 1):
K1Dð _aÞ ¼ K1M
1 _acR
ð15Þ
where K1Mð _r; TÞ is a loading rate and temperature dependent mate-
rial property which must be evaluated from experiments, _a the
crack tip velocity and cR is the Rayleigh waves velocity, namely
the theoretical maximum velocity of a crack (modes I and II) in a
homogeneous medium.
Finally, the dynamic crack propagation criterion is given in Eq.
(16) and represented in Fig. 17.
K < K1d ðno initiationÞ
K ¼ K1d; h ¼ hc ðinitiationÞ
K P K1a ) _a ¼ cR 1 K1MK
 
ðpropagationÞ
K < K1a ðarrestÞ
ð16Þ
where K1d is the dynamic crack initiation toughness, hc is the critical
direction of propagation, K1a is the dynamic crack arrest toughness.
All the dynamic fracture parameters deﬁned previously depend
on the temperature. Though thermoelastic (Rittel, 1998) and ther-
moplastic (Rittel, 2000) effects have been reported in the literature,
the thermodynamic evolution of the system is classically assumed
to be isothermal. The experimental fracture tests have been per-
formed at room temperature and the thermo-mechanical phenom-
ena which lead to large temperature variations are not studied
here. Therefore, the fracture parameters are assumed to be con-
stant with the temperature.
In the same way, the dynamic fracture parameters are highly
dependent on the loading rate and the experimental identiﬁcation
is difﬁcult. If the pre-notch is loaded in mixed-mode loading, the
initiation angle can be used to determine the dynamic initiation
toughness as shown in Grégoire et al. (2007). If the pre-notch is
loaded in pure mode I condition, it is not possible to estimate this
parameter directly from the experiments anymore. To determine
dynamic fracture parameters vs. loading rate evolution laws, the
pure macroscopic modeling is limiting. A micro-scale coupling
Fig. 16. Dynamic crack propagation criterion.
Fig. 17. Mesh and initial notch for the test 1.
Fig. 18. Mesh and numerical crack path for the test 1.
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approaches are new in dynamic fracture and are not developed
here. An alternative solution consists in performing several numer-
ical simulations until convenient values are found. The main issue
is that different combinations of the material parameters lead to
the same global results. It is hence difﬁcult to determine which
combination is physically meaningful. A key for a good choice is
a careful comparison between the numerical results obtained with
a reliable numerical tool and the well-controlled experimental
data. The main advantage of the SHPB setup is that it provides both
the input and the output mechanical data (forces and velocities on
both sides of the specimen). Therefore, the numerical simulations
are performed with the experimental input velocity and, then,
the experimental output velocity is used to compare discriminate,
and ﬁnally validate the numerical results.
3.4. Material properties
Even if the PMMA is known to be viscoelastic, a linear elastic
behavior is assumed with a secant dynamic elastic modulus ﬁtted
with the velocity of the elastic waves measured during the exper-
iments. Since the experimental tests provided input and output
data, the global dynamic Young’s modulus is chosen in order to
have the correct delay between incident and transmitted signals
in the simulations. A secant rather than dynamic Young’s modulus
is adopted. The material properties used during the numerical sim-
ulations of the experimental test presented in Part (2) are collected
in Table 3.
3.5. Numerical results
3.5.1. Test 1 (striker velocity: 9.5 m/s)
The mesh is the same for each numerical test and it is shown in
Fig. 16. It consists of 1377 four-node elements with four integra-
tion points. The numerical calculation of the test 1 requires 120
time steps with a step size chosen as Dt ¼ 5 ls.
The numerical crack path is shown in Fig. 18. Since the initial
notch is machined in such a way that fracture occurs in pure mode
I, the crack stays near the specimen symmetry axis all over the
propagation as observed during the experiments (Fig. 9).
Fig. 19 shows the comparison between the experimental and
numerical crack tip position histories. The dynamic crack propaga-
tion criterion equation (16) have been used with K1d ¼
1:66 MPa
ﬃﬃﬃﬃﬃ
m
p
and K1M ¼ K1a ¼ 1:22 MPa
ﬃﬃﬃﬃﬃ
m
p
. As explained by
Grégoire et al. (2007), the higher value of K1d has two explanations:
ﬁrstly, the radius of the initial notch tip is larger than the propagat-
ing crack tip radius in the experiments; secondly, the crack initia-
tion point is intrinsically not on the curve characterizing the
dynamic crack growth criterion: lim _a!0K1Dð _aÞ–K1d in Eq. (15) as
it has been previously noticed by Ravi-Chandar (2004).Table 3
Material properties.
Mechanical properties Symbols
(units)
Test 1 Test 2
Density q (kg/m3) 1190 1190
Static Young’s modulus ES ðGPaÞ 5.7 5.7
Secant dynamic Young’s modulus EsecantD ðGPaÞ 2.28 2
Poisson’s ratio m (–) 0.337 0.337
Lamé’s constants k (GPa) 1.77 1.55
l (GPa) 0.85 0.75
Velocity of compressive waves cP ðm=sÞ 1708 1599
Velocity of shear waves cS ðm=sÞ 847 793
Velocity of one-dimensional elastic
waves
cL ðm=sÞ 1385 1296
Velocity of Rayleigh waves cR ðm=sÞ 790 740In Fig. 19, there is a good match of the crack tip position: the
crack arrest occurs at the same time and in the same location.
Moreover, the crack growth process is well captured since the
crack tip velocities are similar during the numerical simulation
and the experimental tests.
Fig. 20 shows the comparison between the experimental and
numerical velocities histories at the specimen–bar interfaces.
Oscillations of the numerical output velocity are noticeable. There
are due to numerical noise in the calculations of the velocities and
the accelerations after the propagation. Before the initiation, the
numerical output velocity match well the experimental output
velocity. It is a check of the validity of the numerical impedance
model of the output bar.
3.5.2. Test 2 (striker velocity: 7.4 m/s)
The mesh still consists of 1377 four-node elements with four
integration points (Fig. 21) but the initial notch is different from
the test 1 in order to take into account the ﬁrst propagation at
low striker velocity as explained in Section 2.3.2. The numerical
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Fig. 19. Comparison of crack tip position histories for the test 1.
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Fig. 20. Comparison of the velocities histories (test 1 – striker velocity: 9.5 m/s).
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chosen as Dt ¼ 5 ls.
The numerical crack path is shown in Fig. 22. The crack still
stays near the specimen symmetry axis all over the propagation
and the ﬁnal arrest occurs in the center of the specimen (the crack
tip does not reach the specimen border) as observed during the
experiments (Fig. 13).Fig. 21. Mesh and initial notch for the test 2.Fig. 23 shows the comparison between the experimental and
numerical crack tip position histories. The dynamic crack propaga-
tion criterion equation (16) have been used with K1d ¼
0:95 MPa
ﬃﬃﬃﬃﬃ
m
p
and K1M ¼ K1a ¼ 0:85 MPa
ﬃﬃﬃﬃﬃ
m
p
. Since the initial
notch radius and the propagating crack tip radius are similar, the
value of K1d and K1a are very close. A slight difference remains be-
cause the crack initiation point is intrinsically not on the curveFig. 22. Mesh and numerical crack path for the test 2.
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Fig. 23. Comparison of crack tip position histories for the test 2.
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Ravi-Chandar (2004).
In Fig. 23, there is a good match of the crack position histories
and the numerical and experimental ﬁrst crack arrests occur at
the same time and in the same location. The following crack ar-
rests are well located in space but not in time. The criterion (Eq.
(16)) is not enough accurate in order to well represent this com-
plex phases similar to the stick-slip phenomenon. By only con-
sidering a macroscopic point of view, these results are already
satisfying.4. Conclusion
This work shows that a good combination of well-controlled
experiments and reﬁned X-FEM simulations enables one to explain
the history of brittle dynamic crack propagation, even during
highly transient phases such as crack initiation, crack arrest and
crack restart.
The experimental method based on optical displacement sensor
provides a highly accurate crack tip position history during a single
test. It allows the study of the dynamic phenomena involved dur-
ing the arrest and the restart of a crack under impact, even for com-
plex propagation cases when the crack path presents several crack
arrest and crack restart phases.
The simple ingredients used in the X-FEM modeling seem sufﬁ-
cient to reproduce the phenomena observed during the experi-
ments. The direction of the crack propagation, the different crack
arrest and crack restart phases as well as the crack tip velocities
are well predict.
Finally, the combination of the experimental and numerical
methods developed in this paper gives a good methodology for
assessing dynamic crack propagation laws under impact
loading for transparent materials. By carrying out extra experi-
mental tests and numerical simulations, the loading rate and
temperature dependences of the dynamic crack initiation
toughness or the dynamic crack arrest toughness may now be
studied.
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